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We report the observation of fractional echoes in a double-pulse excited nonlinear syst em . Unlike 
standard echoes which appear periodically at delays which are integer multiple of the delay between 
the two exciting pulses, the fractional echoes appear at rational fractions of this delay. We discuss 
the mechanism leading to this phenomenon, and provide the first experimental demonstration of 
fractional echoes by measuring third harmonic generation in a thermal gas of C02 molecules excited 
by a pair of femtosecond laser pulses . 
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Many nonlinear systems display the phenomenon of 
echoes, which is a series of delayed impulsive responses 
after a pair of short external pulses . These echoes typ-· 
icany show themselves at times T rv T , 2T, 3T, etc. after 
the end of the excitation, where T is the delay between 
the stimulating pulses . Echoes are common in many ar-· 
eas of physics, including NMR [1] , plasma physics [2--
4], nonlinear optics [5], cavity quantum electrodynam-· 
ics [6 , 7], and cold atoms physics [8- 11] . Echoes were 
predicted to occur in proton storage rings [12, 13], and 
were observed in high energy hadron beam experiments 
[14, 15] . Echo-enabled generation of short-wavelength ra-· 
diation in free-electron lasers [16- 18] was demonstrat ed 
(for a recent review, see [19]) . 
Recently we reported the exist ence of orienta-· 
tion/ alignment echoes in an ensemble of free classi-· 
cal rotors stimulated by an external impulsive force 
[20] . We attributed the echo formation to the kick-· 
induced filamentation of the rotational phase space, and 
demonstrated the effect experimentally in a gas of C02 
molecules excited by a pair of femtosecond laser pulses. 
The time-dependent mean molecular alignment (defined 
as (cos2 (B) )(t) , where e is the angle between the molec-· 
ular axis and laser polarization) was measured via the 
laser-induced birefringence signaL The excited system 
exhibited a regular sequence of echo pulses at delays 
T = T , 2T, 3T, . . . . In addition, our theoretical analysis 
and numerical simulations [20] also predicted unusual ad-· 
ditional recurrences (fractional echoes) at T = (p j q)T, 
where p and q are mutuany prime numbers. These frac-· 
tional echoes, however cannot be seen in the alignment 
signal - they require measurement of higher order mo-· 
ments of the molecular angular distribution. 
Here we present the first observation of the phe-· 
nomenon of fractional echoes measured via third-· 
harmonic generation (THG) in a gas of C02 molecules at 
room temperature and pressure of 80 mbar. In what fol-
lows we introduce the mechanism of the fractional echoes 
by using a simple 2D classical model, and then describe 
our experiments in which the phenomenon of fractional 
echoes was observed . We also compare the experimental 
result s to the fun three-dimensional classical and quan-
tum simulations of the echo formation . 
For a nonresonant laser field interacting with a sym-
metric linear molecule, such as N2 , 0 2 or C02 , the 
angular-dependent interaction potential is V(e , t) = 
-(~a/4)E2 (t) cos2 (8) [21 , 22] . Here ~a is the polar-
izability anisotropy, and E(t) is the envelope of the laser 
pulse. As is wen known, such an interaction leads to 
the alignment of the molecular axis along the field polar-
ization direction (for reviews on molecular alignment see 
[23- 27]) . 
We first consider a 2D ensemble of rotors that are ini-
tiany uniformly dispersed in angle e, and have a spread in 
angular velocity w with a Gaussian distribution j( e, w) "' 
exp[ - w2 j (20"2 ) ] . At time t = 0 the ensemble is kicked by 
a short linearly polarized laser pulse (delta-kick) . The 
phase space probability distribution at time t after the 
pulse is given by [20] : 
f( ) _ 2__1_ [- [w- Osin(2wt- 2B)F ] w, e,t - 2 ~CL. exp 2 2 ny2nO" O" 
(1) 
Here 0 is proportional to t he time-integrated intensity 
(total energy) of the pulse. 
Figure 1 shows the evolution of the initial distribution 
with time. After the kick , (Fig. 1a) the shape of the den-
sity distribution folds, resulting in transient alignment 
along the direction e = 0. On longer time scales, when 
the alignment signal (cos2 (B) )(t) vanishes, the probabil-
ity density becomes wrinkled , and it develops multiple 
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FIG. 1. (color online) Filamentation of the phase space den--
sity distribution. 0 / CT = 1, (a) CTt = 1, (b) CTt = 15. 
parallel filaments (Fig. 1 b). T he number of these fila--
ments grows with t ime, and in order to keep the phase 
space volume constant their width is diminishing. Even--
tually, all the filaments t end to become almost horizontal 
and uniform in density. As follows from Eq. (1), neigh--
boring filaments are separated in angular velocity by 1r j t , 
where t is t he evolut ion t ime. Filamentation of the phase 
space is a phenomenon well known in statistical mechan--
ics of stellar systems [28], and in accelerator physics [29]. 
Moreover , t ransient alignment caused by folding of t he 
phase space (see Fig. 1a) has much in common with t he 
bunching effect observed in particle accelerators. 
At t = T , t he ensemble is subject to a second kick. 
With time, every filament in F ig. 1b forms the typical 
folded pattern similar to the descript ion in Fig. 1a . For 
every angle e, neighboring filaments are separat e in ve--
locity by 1r /T with respect to each other. As a result , 
after t he second kick, most of the t ime these folded pat--
terns are shifted with respect to each other , which results 
in a quasi-uniform total angular distribut ion considered 
as a function of e only. As previously discussed [20], at 
t ime T rv T aft er the second kick, the folded filaments' 
paths synchronously pile up near e = 0 due to the "quan--
t ization" of the angular velocity of t he strips , resulting 
in an echo in the alignment factor (cos2 (8)) . Similarly, 
higher order echoes give rise to t ransient alignment at 
delays 2T, 3T, ... after t he second pulse . An analytic ex--
pression for the t ime-dependent alignment signal given in 
the Eq. (S-5) in the Supplementary Material of Ref. [20:1 
completely supports these general geometric arguments . 
Here, however , we are interested in the highly sym--
metric structures in phase space , which appear at T =' 
T / 2, T / 3, .. . when synchronization of the folded pat--
t erns from non-neighboring filaments happens (see F ig. 2 
as an example) . As discussed in [20], t hese patterns 
may be associated with the so called "fractional echoes". 
These echoes are not seen in a mere alignment signal 
(cos2 (8)), but require measuring higher order observables 
(cos(2n 8)) (n > 1). The simple 2D model considered 
here allows for obtaining an analytical expression for t he 
b 
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FIG. 2. (color online) Fractional echo in the filamented phase 
space. 01 / CT = 1, CTT = 5, 0 2/01 = 1/3, and CTT = 2.293 -
one-half alignment echo is formed. 
t ime-dependent mean value of (cos(2n 8)) 
(cos(2n8))(T) = 
k= oo L ( -1 )ke-2a 2 (nT-kT) 2 J k+n[2n02T]Jk[2n01 (m-kT)], 
k=O 
(2) 
where Jm(z) is t he m-th order Bessel function of the 
first kind. Equation (2) presents a sequence of signals 
localized in t ime near T = '5__ T where k is an integer. For 
n 
n > 1, these are the above ment ioned "fractional echoes", 
while n = 1 corresponds t o the regular alignment echoes. 
Figure 3 presents the calculated mean values (cos(2n8)) 
versus time after the first kick. It is clearly seen that the 
init ial t ransient response short ly after t he second pulse is 
followed by a series of fractional echoes at T rv T / 2, T / 3, 
etc .. 
All these findings derived in the simplified 2D classical 
model are confirmed by the results of the fully 3D simula-
t ions (both classical and quantum-mechanical) presented 
below in Figs. 4b, 6b, and 7b. Details of our 3D compu-
tational procedures will be given elsewhere. Movie M1 
in the Supplementary Mat erial [30] shows the simulated 
evolution of the angular distribut ion of an ensemble of 
3D classical rotors kicked by two delayed pulses. In ad-
dit ion to common alignment events observed just after 
t he pulses and near t imes of full echoes, high-order t ran-
sient symmetric structures can be seen in the angular 
distribut ion, which correspond to the fractional echoes 
(compare with Fig. 2) . 
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FIG. 3. (color online) Mean values (cos(2n61) ) versus time 
after the first kick. fh / CT = 1 , CTT = 5, 0 2/01 = 1/3. (a) 
n=1 , (b) n=2, (c) n=3, (c) n=4. 
Next , we describe our experiments, where fractional 
echoes were observed by third harmonic generation in a 
thermal gas of C02 molecules excited by a pair of fern-· 
tosecond laser pulses. In our previous work [20], the 
observation of the rotational alignment echoes in laser-· 
kicked molecules was performed by using a time-resolved 
birefringence technique providing a signal s b ir. sensitive 
to (cos2 e) 
sbir.(T) ex I: Ipr (T1 - T) [(cos2 (8) ) (T')- ~] 2 dT'(3 ) 
with I pr t he intensity of the probe pulse. Figure 
4a presents the birefringence signal recorded in C02 
molecules by employing the experimental setup detailed 
in Ref. [20]. Measurements were performed at room tern-· 
perature for a pressure of 80 mbar . As indicated in 
the figure legend, the first pump pulse P1 (intensity 
h >::o 50 TW I cm2 ) , the second pump pulse P2 (in ten-· 
sity ! 2 >::o 10 TW I cm 2 ) , and the echoes are colored in 
red , blue, and yellow, respectively. The first echo ap-· 
pears around T = T = 2.5 ps, where T is the rela-· 
tive delay between P1 and P2. The second echo (i .e., 
higher order echo) is detected around T = 2T = 5 ps, 
as expected from the above classical arguments. Fig-· 
ure 4b compares the measured signals with the results 
of the three-dimensional simulations of the birefringence 
signals, both classical (red curve) and fully quant um me-· 
chanical (purple curve) . As seen , the classical treatment 
nicely describes the shape of the first echo, in agreement 
with the classical origin of this phenomenon. However , 
the shape of the second echo is already affected by the 
quantum effects that become important as the delay time 
t = T + T approaches Trev I 4 - a quarter of the rota-· 
tional revival period. The intensity dependence of the 
echo signal with respect to P1 and P2 has been studied 
in Ref. [20]. The signal observed in Fig. 4a results from 
the orientational contribution to the optical Kerr effect 
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FIG. 4. (color online) (a) Birefringence signal as a function 
of the delay T between P2 and the probe pulse. Only the 
range corresponding to the quarter rotational period of the 
C0 2 (i.e., T + T < Trev/4 = 10.67 ps) is shown. The delay T 
between P1 and P2 is set to 2.5 ps. (b) Comparison between 
the experiment (dotted black line) and quantum (solid purple 
line) and classical (solid red line) simulations (see text). 
[31 , 32] and therefore only provides information about 
the observable (cos2 (8) ) . This is the reason why frac-
tional echoes can not be observed with this t echnique. 
In order to reveal fr actional echoes, the system must be 
probed through a higher-order nonlinear process sensitive 
to (cos2m(e) ), with the integer m > 1. Harmonic genera-
tion can serve this goal. It has been shown theoretically 
[33- 37] and experimentally [38, 39] that high-order har-
monic spectra generated from aligned molecules carry in-
formation about higher-order cosine moments. The time 
dependence of the harmonic amplitude can be generally 
described by a series of direction cosines products govern-
ing the dynamical alignment . The trigonometric terms 
involved in this expression depend on the molecular sys-
tem and the harmonic order. For inst ance, the time 
dependence of the third-harmonic generation (THG) in 
aligned C02 is governed by a combination of observables 
(cos2 (8) ) and (cos4 (8) ) [40]. 
In a recent publication, we showed that a sensitive 
background-free detection of dynamical alignment could 
be achieved by generating the THG from a circularly 
polarized field [41]. As a result of the axial symmetry 
introduced by the anisotropic alignment , the THG field 
driven by a circularly polarized pump is elliptically po-
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FIG. 5. (color online) Experimental set-up. A: Analyzer, 
BS: Beam Splitter, GP: Glan Polarizer, HWP: Zero-order 
half wave-plate, QWP: Zero-order quarter wave-plate PMT: 
Photo Multiplier Tube, L: Lens, DL: Delay Line, BD: Beam 
Dumper, HR-UV: High reflectivity dielectric UV mirror and 
BP: Silica plate set at Brewster's angle. The polarizations 
of the different pulses along with a relative timing chart are 
shown in the insets . 
larized. The helicity of the harmonic field is governed 
by the time delay between the alignment pulse and the 
driving field . The effect is used in the present work in 
order to observe the fractional echoes in C02 . The sig-· 
nal recorded along each polarization components of the 
THG field is described in the framework of perturbation 
theory by the following expression [41] 
S iTHG ( T) cx I: r;r ( T1 - T) [ ai ( ( cos2 (e) ( T 1)) - ~) 
+ f3i ( (cos4 (8)(T1))- ~) r dT 1 , (4) 
where i = y, z are the polarization components of the 
THG field , with z the direction of alignment of the 
molecule, and ai, f3i are two parameters that depend on 
the second-order hyperpolarizability components of the 
molecule [41] . In order to highlight the presence of the 
fractional echo, the measurements are conducted by se-· 
lecting one of the two THG field components [41] . 
The experimental setup for producing THG in aligned 
molecules is depicted in Fig. 5. The pump and probe 
IR pulses are produced by a 1 kHz amplified Ti:sapphire 
laser operating at 800 nm. The pump beam is divided 
into two pulses denoted as Pl and P2, respectively. The 
relative delays between the three pulses are controlled by 
two motorized stages . They allow achieving an accurate 
adjustment of the delay T between Pl and P2 , and T be-· 
tween P2 and the probe pulse, respectively. The energy 
of each pulse is adjusted by combining a half wave-plate 
with a Clan polarizer. The pump pulses Pl and P2 are 
linearly polarized , while the polarization of the probe is 
set circular . The three beams are crossed with a small 
angle ("' 4 o) and focused with a lens ( f = 15 em) inside 
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FIG. 6. (color online) (a) Third-harmonic (THG) signal de-
tected by selecting the harmonic field component parallel to 
the alignment axis z . The delay T between Pl and P2 is 
set to 2.5 ps. (b) Comparison between the experiment (dot-
ted black line) and quantum (solid purple line) and classical 
(solid red line) simulations. 
a static cell filled with C02 molecules at room tempera-
ture . After the cell and a collimating lens the two pump 
beams are guided to a beam dumper. The THG gener-
ated by the probe is passing through two high reflectivity 
mirrors at 266 nm and a band pass filter for the removal 
of the fundamental IR frequency component . The polar-
ization sensitive detection is achieved by using a fused 
silica plate set at Brewster 's angle . Finally, the THG 
signal is recorded using a photo-multiplier tube. 
The THG signal detected along the polarization direc-
tion of the pump field is shown in Fig. 6a. The param-
eters of the pump pulses Pl and P2 are similar to the 
ones used for the birefringence measurement of Fig. 4a. 
The energy of the probe is similar to Pl . The echo 
and high-order echoes are observed with the same tim-
ing as in the birefringence measurement . However , their 
structural shapes differ due to the contribution of the 
observable (cos4 (8) ) to the THG signal. The main dif-
ference between Figs. 4a and 6a is the presence of the 
fractional echoes in the THG signal (colored in orange) 
around T = T /2 = 1.25 ps together with the occurrence 
of the higher orders around T = 3T /2 = 3.75 ps and 
T = 5T /2 = 6.25 ps, respectively. Figure 6(b) com-
pares experimental signals with the results of our clas-
sical and quantum simulations of the THG process. As 
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FIG. 7. (color online) (a) Signal detected along the vertical 
z-component of the THG field. The delay T between P1 and 
P2 is set to 2.6 ps. h ~ 45TW/cm2 , h ~ 11TW/cm2 . (b) 
Theoretically simulated THG signals: quantum (solid purple 
line) and classical (dotted red line) simulations. 
in the case of the birefringence measurements , the clas--
sical and quantum results are practically indistinguish--
able in the region of the first full echo at T = T = 2.S 
ps , and agree reasonably near the first fractional echo 
at T = T/2 = 1.25 ps . Moreover, both curves are in 
good agreement with the experimental data. However , 
the classical treatment fails to catch a signal peak near 
T = 4 ps, while the quantum modelling reproduces it 
precisely. Figure 7a shows the THG signal recorded up 
to 15 ps, i.e. reaching the region near t rv Trev/2 where 
the quantum nature of the rotational motion is obviously 
important . Figure 7b compares it with the results of the 
fully quantum 3D simulation of the THG process which 
are in excellent agreement with our measurements. For 
evolution times shorter than rv 4 psec, the agreement 
with the 3D classical calculation is also good enough. 
Multiple spikes in the THG signal seen on the longer 
time scale result from the interplay between the classical 
echo effect and the quantum revival phenomenon. 
In conclusion, we observed fractional echoes in the 
third harmonic signal arising from a thermal gas of C02 
molecules following excitation by a pair of femtosecond 
laser pulses. These transient responses of the system 
occur at times which are rational fractions of the de--
lay between the two kicking pulses . We compare the 
experimental observations to both quantum and classi--
5 
cal simulations . The phenomenon of fractional echoes 
is essentially a classical one, and is well described by 
classical analysis on short time scales. On longer time 
scales, the interplay between the echoes and the quan-
tum revivals [42] shows up both in the experiments and 
in the numerical simulations. The described mechanism 
of fractional echoes is rather generic, and should be ob-
served in related systems such as echo-enabled harmonic 
generation in free-electron lasers (EEHG FEL) in which 
highly efficient generation of short-wavelength radiation 
is achieved via laser manipulations over the phase space 
of relativistic electron beams [16- 19] . 
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